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field theory of electric and magnetic charges is resolved by using functional methods, 



mite 



The infrared problem of the quan 
the realm of standard perturbation 
problem was achieved similarly as i 
energy below a certain threshold 
magnetic coupling constant,|the fi 
the cross section in certain kinematic 
physical implications [2,5]. 

The treatment of the infrared 
coupling theory. In spite of this, the 
content of the theory. This motivate^ 
where all steps in the treatment can 



urn field theory of electric and magnetic charges (QEMD) was solved in 
theory [1,2], and also by using coherent slates [3]. The solution of the 
QED, i.e. by taking into account the emission of soft real photons with 
dictated by the experimental arrangements [4]. Due to the largeness of the 
_ part of the infrared contribution yields superstrong radiation damping of 
regions. The radiation damping factor is ^independent, and has important 



problc 



2. A brief review of QEMD 

Zwanziger succeeded in formulati 
of spin- 1 12 fields each carrying < 
the electromagnetic interaction oft! 



where if y describes the elecf romagn 

j? T =i[*-(3A^)]-[/i'(aA 
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,..m by perturbative methods is of necessity formal, as QEMD is a strong 
above results give us an important insight into the structure and physical 
us to study the infrared problem of QEMD by using functional methods, 
be carried out without recourse to perturbation theory [6]. 



ng an approach to QEMD based on the local lagrangian [7 ]. Let y/ s be a set 
I electric an magnetic charges <\ and & (dyons). The local lagrangian describing 



Serbian ard Croatian Science Foundations. Yugoslavia. 



csc fields with each other is given by the expression 

tic field in terms of two potentials.!" and B\ 
n-(dAB)]'{n-(bAA)^ + {[n-(i)AA)] 2 +{[n-(il*B)] 2 , 



(1) 
(2) 
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and V v = (] + i(<yl+£ v Z?) is the covariant derivative. The lagran^ 
gauge transformations. Thus, in order to have a well-defined thecjry 
a gauge-breaking term Y< m to and introducing a notation A t 
the duality transformations), one can write the complete photon 

jy'y^sry+jr^tASKiU!;, (3) 

where the kinetic operator K is invertible (its explicit form is jictermincd by the choice of S/l itt ). Zwanziger 
chose to work with the gauge-breaking term 



^iB=-i[3(«^)] 2 -i[3(«^)] 2 ^ 
which leads to the free photon propagator 

D$(x)=-il 'J,.* - ( <V' * + ti t ,n u ) ( n ■ a ) ~ 1 ] + [ n ' 0" ( * ■ u ) 
where J F satisfies the equation- DJ F = — S. and K D——3. 

3. Green's functions and S-matrix 

Green's functions of QEMD can be studied by introducing the 

Z[J,,J x ,ti >j]=A'-' | ^ ^ £y .C/^expf i | (.r+y G B+^'^ 



where 7,., / v , // and t] are external sources. The integration over 
action is absent (c\=g s =Q), leading to 

Z (( [./„, tl t } ] = cxpQ J ./"/}„./"+ i | , 

where D tlh is the free photon propagator, eq. (4b), S is the 
(i ;'•() — m)S— — 1, and J a =(J r , J K ). The generating functional 
immediately written in the form 

Z[J„ ,1 >1] =exp[ -ie a j I (;■" { g|) |.]z () [/ a , * ,] . 



where e it = (<?.„&), By using the formulae (3.61 ) and (3.69) of nff. [6] the above equation may be transformed 
into a more tractable form: 



Z[J in tl >]] = exp(± J J"D ah J^ exp(^ - ~ J ^ 5^f ) eXP 



where =jD ui J h is the external electromagnetic potential, 
presence of the external potential, 

[r(iti-e ir ^)-m]G[.^] = -\ , 



and L[.c/ : ] describes the contribution of all closed fermion loop: 
hibits the important relation between the Green's functions of cl 
All Green's functions may be obtained by functional diffcrcn 
the iV-malrix and the Green's functions may be obtained by usir 
[6]. For the discussion of the infrared problem in the simplest 



lan ( 1 ) 
, it is 

= (A, 
lagran 
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is invariant under the U(l)xU(l) 
necessary to fix the gauge. After adding 
(which is explicitly covariant under 
in the form 



gian 



generat 



]c-"}J F U)=/l^ H , 



(4a) 



(4b) 



ng functional [2] 



W+Wl) j < ( 5 ) 
can be easily done when the inter- 

(6) 



fnfe fermi6n propagator satisfying the equation 
n the presence of the interaction can now be 



(7) 



C 



'i|^[^ E ]»/)cxp(L[j/ E ]), (8) 
[..c/ E ] denotes the fermion propagator in the 



an 



s,L[,s/ 
:issieal 
iation of 
g the sli 
we 



case 



(9) 

]=Trln(l+^y.V E 5)- i . Eq. (8) ex- 
d quantum field theory. 
f/[./ ( „ tl'tf]. The connection between 
ndard reduction formalism technique 
shall need the S-matrix for the emission 
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ofn veal photons when a dyon is saillcrcd i 
by 

where j m fj and y\ are the artifical (nonex 
calculation. The passage to the correspond 

X^ F /V' F JcLvcLc' exp[i(p' x' -px ) ] 1/ ( 
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1 a weak external field. The Greens function for the process is given 



oj/> 



the expression ( 1 1 ) for the S-mai.rix can je cast into the form 

A' 



X J cLvdx' exp[i(p'A"-/?x)] 



basis for the resolution of the in 
ods, where one can carry out all 

The physical content of the Bloch-Noi 
ical expression of this approximation is 



; , tZ[;.+j^mi] ■ (10) 

.ernal) sources which are to be set equal to zero at the end of the 
ng S-matrix in momentum space yields 



5 \ 

:xp(iA',r,) KaJ,; ) J 



-» O u 

p )fA 5^7)8>/(a) 



(in 



u v n^-^(^ and AV== (2tt)- 3/2 . (ih/E)" 2 are the boson and fermion state normalization 

and «(p) is the free fermion state. The gen mating functional /AM,, »/] isol the lorm (t), 
by jat+jyS, ^,=J'A,/J"- By using| the relations [6] 



8»/(.v')5>/l.v) V J / 



: G {■'/ +■'/'] 



(12) 



t(p')D, G{x\x\.</+^)&MP) 



mining the constant term exp( \i}JDJ) from (13). vanishingly small mo- 

A physically important situation appears when real P h ° t0 " s ^^ and we are faced with the 

me nt, The integration over soff photon which provded a 

so-called ^,^^^^ n l^ c Ublcm is particular.y suited to functiona. meth- 

1 Dperations exactly (without using the perturbation expansion ) 

,dsieck approximation is the lack of fermion recoil [6]. The mathemat- 
the replacement y^p"/»i = v" (where p" is an average fermion mo- 



ical expression oi mis app.o*... - . . ... 

mcntum) in eq. (9) for the classical fermion propagator G [.</]. which becomes 

[ v( i 0 - e a si a ) - m ] G B n (a, y \ sJ I = - S (: : - y) . 
This equation may be solved exactly for arbitrary .<•/. and the result is 

G BN (A-,y|..c/) = i ] dTcxp(-i/»iT)i(.v-y-iT) exp(-ic u } df r.^A-rr' )) 



(13) 



,= -x./ 



(14) 



(15) 
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In the dyon rest frame this expression reduces to the retarded propagator, and 
L[s/] vanishes in this approximation. L ns [ //] =0. 



scattering of a dyon by a weak external 



order in 



the classical electron propa- 



(16) 

the term G(rf) vanishes because of mo- 
och-Nordsieck approximation ( 1 5 ), the 



)utp) , 



4. The infrared problem in potential scattering 

Let us now consider the infrared problem in the simple case of the 
field, but to all orders in the coupling constant e it = (c\ g). To the first 
gator is given by 

G(*/+.r/ i ')^G(s/)-G(.o/)eJlF(sJ) , 

where s/-yx/. For the bremsstrahlung process described by eq. (11) 
mentum conservation, p' ±p + k t + ... + A'„. After using (16) and the B 
last line of the expression for the S-matrix (13) takes the form 

JdYdV exp[i(/;\V -p.v) ]//(/?' )^, G(.y'.a'|V+.c/ e )^,//(/7) 

-/?(/>') Jd 4 M[-^5(M)] exp[iM(p f -p)]cxp^-i|dr/?(rW 
where 

/$( = )= { dTf» t 'r ( .fJ[r-(i/ + rr)]+ J dr^r>5[r- (w + r'r)] 



is the classical dyon current. Now we use the relation [ 6 ] 

«K- i 1 £ d £M-' 1 ^M- 1 H - p (j H 

and obtain 

S(p\p\ k u fc w )= j d 4 «("^ ft ' v 'b«£ { drexp(iA-,- )/ S(z,) 
X{A r i:M:W(p , )[-«v« f !; : (")] exp[iw(/>'-p)]i/(p)} expQ |W) 

The last factor in the above expression defines the virtual soft photcjn contribution to the S-matrix, 
SvscxpQj./D/"). 
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hence the closed loop functional 



A direct calculation, by going over to momentum space and using th 
leads to 



A\,=e*p(-* 



where 



(17) 



(18) 



(19) 



(20) 



e expressions ( 4b ) and (18) for D and / 

(21) 
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R is the residue of D< eq. (4b), and 
simplifies the above result 

This expression for B has a logari 
zation procedure. On the ot^er hand 
not the approach to that lim^t. On th 
replace I fi in eq. (22) by /,„ 

r r - 2 P'^ k n _ ^AKl 
2p'-k+k 2 Ip-k+k 2 ' 



\ T = p * - P " 
jl "~ p'-k p k' 



limit. The replacement I ft - 
in the ultraviolet regime, 



B 



J- f d ' /c (g / )«/« 



chang 



(*«/,) 



i Jdzexp(ife)/S(z) = -c\p(i/:iiK/ |, (p',p) . 



Then, the first line in the S 



Thus, we see that the infrared-divergent contributions of virtual and real photons to the S-matrix utfactoriz 
able, 
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(22a) 



a is a small photon mass regulator. The gauge invariancc of I f, (k,J" = Q) 



(22b) 

thmic ultraviolet divergence, which is to be removed by a certain regulari- 
1, let us note that the present discussion describes only the infrared limit and 
; basis of this observation we can, following the treatments of refs. [4,9,10], 



(23a) 



The expression for l fl is gauge invar ant, and has the same infrared limit as /" , but a different approach to that 

. . s- . , • i __r* _ — ~ — t^kiii;^ cii^k o w;q\/ thnl il hprnmp*: finite 



es the virtual soft photon contribution in such a way that it becomes finite 

(23b) 



while the infrared limit is unchanged. 
To evaluate the real photon contribution, we first note that the Fourier transform of./ ',',(:) is proportional to 

L 



matrix ( 

/'"). 



|Svl J =exp(^2Rcfl 



lis 



19) defines the real soft photon contribution: 



(24) 



Here describes the elastic scat ering amplitude. 
To produce the probability we square 5 V and 5 R and sum over polarizations, 



/"i-= fl fl a* »a- '„( f.,/"- )«';!•,.,( o/"') , 



(25) 



(26a,b) 



IV. 1=1 /= I 



where Rf„ = Ie?,«'* is the 
and integrating over the ph 

Summing over n produces 
P(A£) = |S[, 0, | 2 exp^( 



-esidue of D, eq. (4b), P' , = P"(k=k,). Taking into account the transversality of/"", 
ase spac for n real photons with total energy below AE, one finds the probability 



n 

i\ J (:irt) 3 2w, 

o 

ihe physical probability: 
2 Re B+ B) ) , 



{ej„,) (->/""") iej„) . 



(27) 



(28) 
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